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0. Introduction
Within the last few years, several authors presented very inventive results which at some point
relied on some sort of approximation theory for exact categories. This dependency was, however,
also the sticky part. Various original and elegant ideas had to carry a load of technicalities nec-
essary to construct the approximations, a fact that can considerably hinder further development.
Let us be more specific on what results we have in mind:
(1) As explained in [49], Neeman [50,51] and Murfet [47] gave a new interpretation of
Grothendieck duality. At some point, they needed to construct a triangulated adjoint functor
without having Brown representability (in the sense of [48, 8.2.1]) at their disposal. Their
workaround relied on the fact that certain classes of complexes of sheaves were precovering.
(2) Following a program described in [30], Hovey [29] and Gillespie [18–20] constructed
monoidal model structures on categories of complexes of sheaves. That is, the model struc-
tures are compatible with the tensor product, making, among other things, the standard
properties of the derived tensor product obvious. The construction heavily relies on some
cotorsion pairs being complete. See also [16] for the most recent development.
As one sees from comments like [48, §8.7] or the paragraph before [30, Definition 7.8], ex-
istence results for approximations and adjoint functors have always been viewed as something
intriguing. This is despite the fact that we already have monographs like [21] having approxima-
tions as their main topic. One reason may be that the results on approximations have not been put
into a suitable context. For instance, [21] deals with modules while the papers mentioned before
would preferably need the corresponding theory at least for Grothendieck categories.
In this situation, we felt that one should foster future progress by backing up the developments
above by an appropriate approximation theory. Our setup is based on the intended applications—
we study approximations and cotorsion pairs in exact categories which satisfy certain widespread
left exactness and local smallness conditions.
Somewhat surprisingly, this approach brings ingredients which are new, or at least not well
covered in the literature, also to the original setting of [21]: approximation theory for module
categories. In particular we prove that every deconstructible class of modules is precovering.
Although the main tool we use for this, the so-called Quillen’s small object argument, has been
advocated by Hovey [30] and actually used for constructing approximations by Rosický [56], its
real power has not been exploited.
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facts, we develop the technical core in Section 2. What we present in Theorem 2.13 and its
corollary can be summarized as follows. Given a “nice” exact category C and a set S of objects,
then:
(1) The closure of S under all transfinite extensions is a precovering class in C.
(2) If either C has enough projectives or S is a generating set, then the cotorsion pair (F ,T )
generated by S is complete and F is the smallest class which is closed under transfinite
extensions and direct summands and contains S and all projective objects.
In Section 3 we establish the connection of cotorsion pairs to triangulated categories, triangu-
lated adjoint functors, t-structures, weight structures and Bousfield localizations. Although the
results presented there are hardly surprising, the section is important for having a solid back-
ground for applications.
Finally, in Section 4 we establish results directly related to intended applications to triangu-
lated categories and model structures, and illustrate them on several examples. In particular, we
give:
• in Section 4.1 a handy criterion to recognize that some subcategories of the homotopy cat-
egory of complexes are well generated. As an illustrative example, we look at the results of
Jørgensen [32] and Neeman [50] for K(Proj-R);
• in Section 4.2 criteria for existence of left and right adjoints to fully faithful triangulated
functors without using Brown representability. As examples, we look among others at results
by Neeman [50,51] and Murfet [47];
• in Section 4.3 a general condition which allows us to construct the derived category D(G)
of a Grothendieck category G using “F -resolutions” and “C-coresolutions” of complexes.
Here, F and C are suitable classes of objects of G. This is closely related to the work of
Gillespie [18–20], and Estrada, Guil, Prest and Trlifaj [16].
When finishing the work on our paper, we learned about an alternative result regarding the
construction of approximations and adjoint functors due to Krause [40]. We discuss briefly the
relation between the two methods in Remark 2.16.
1. Preliminaries
1.1. A little terminology from model categories
We start with recalling some terminology from [28, Chapter 2] and [27, Chapter 10] which
is necessary for the technical core of the paper in Section 2. We will also use some set-theoretic
concepts, for which we refer to [31].
Given a class I of morphisms in a category C, a morphism j : X → Y is called a pushout of a
map in I provided there exists a pushout
A
i
X
j
B Y

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again in I .
A direct system [(Xα)α<λ, (iαβ)α<β<λ] indexed by an ordinal number λ is called a λ-sequence
if, for each limit ordinal γ < λ, the colimit colimα<γ Xα exists and the colimit morphism
colimα<γ Xα → Xγ is an isomorphism. If a colimit of the whole direct system exists, we call the
morphism X0 → colimα<λ Xα the composition of the λ-sequence. If M is a class of morphisms
in C and every morphism iα,α+1 : Xα → Xα+1 for α + 1 < λ belongs to M, we refer to the
composition of the λ-sequence as a transfinite composition of morphisms of M.
A relative I-cell complex will stand for a transfinite composition of pushouts of maps from I .
If C has an initial object 0, then an object X in C is called an I-cell complex provided that
the unique morphism 0 → X is a relative I-cell complex. The class of all I-cell complexes is
denoted by I-Cells.
A morphism p in C is called I-injective if it has the right lifting property with respect to maps
in I: That is, given a commutative square
A
i
X
p
B Y
in C with i ∈ I , there exists h : B → X making both triangles commutative. The class of all
I-injective morphisms will be denoted by I-inj.
In the sequel, we will need a few basic notions from [31, pp. 31–32]. Given an ordinal λ,
we say that an increasing sequence (λξ )ξ<μ of strictly smaller ordinals indexed by an ordinal μ
is cofinal in λ if λ = supξ<μ λξ . The cofinality of λ, denoted by cfλ, is the smallest ordinal μ
for which there is a cofinal sequence (λξ )ξ<μ. We recall that cfλ is always a cardinal, see [31,
Lemma 3.8].
A cardinal κ is called is called regular is κ = cfκ , that is, κ cannot be obtained as a sum
of a collection of fewer than κ cardinals, all of which are strictly smaller than κ . The countable
cardinal ℵ0 is regular (see [27, Example 10.1.12]), and so is any infinite cardinal successor by [31,
Lemma 5.8] or [27, Proposition 10.1.14]. However, there do exist cardinals which are not regular,
for example ℵω = supn<ω ℵn.
In the spirit of [28, §2.1.1], we now define what it means for an object X of C to be small.
Let κ be an infinite regular cardinal and M a class of morphisms in C. We say that X is κ-small
relative to M if for all ordinals λ of cofinality greater than or equal to κ and all λ-sequences
Y0 → Y1 → Y2 → ·· · → Yα → Yα+1 → ·· ·
such that the composition exists in C and Yα → Yα+1 belongs to M for each α + 1 < λ, the
canonical morphism
colimα<λ HomC(X,Yα) → HomC(X, colimα<λ Yα)
is an isomorphism. Finally, X is said to be small relative to M if it is κ-small relative to M for
some infinite regular cardinal κ .
Note that this smallness property is very natural and widespread. For instance, in an arbitrary
accessible category C in the sense of Definition 4.3, any object X is small relative to the class M
of all morphisms in C.
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The main topic of our paper is the approximation theory for exact categories C. The concept
of an exact category is originally due to Quillen [54], but the common reference for a simple
axiomatic description is [33, Appendix A] and an extensive treatment of the concept is also given
in [12]. A few properties of exact categories for which we could not find a suitable reference are
discussed in Appendix A of this paper.
For our results, we will mostly consider exact categories meeting two additional axioms:
Setup 1.1. Let C be an exact category satisfying the following axioms:
(Ax1) Arbitrary transfinite compositions of inflations exist and are again inflations.
(Ax2) Every object of C is small relative to the class of all inflations.
In fact, a similar property restricted to compositions of countable chains of inflations was
considered in [33, Appendix B]. To convince the reader that these two conditions, although some-
what technical, are natural and very often met, we present two broad classes of examples to keep
in mind:
Example 1.2. Let C be a Grothendieck category with the abelian exact structure. That is, we take
for conflations all short exact sequences. Then it is well known that C satisfies both (Ax1) and
(Ax2).
Example 1.3. Let A be an additive category with arbitrary coproducts and define C = C(A), the
category of all chain complexes over A:
· · · → A−2 ∂−2−→ A−1 ∂−1−→ A0 ∂0−→ A1 ∂1−→ A2 → ·· · .
The morphisms in C are usual chain complex morphisms and we equip C with the componentwise
split exact structure. The fact that C satisfies (Ax1) of Setup 1.1 follows from the easily verifiable
fact that the same axiom holds for the additive category A itself, when taken with the split exact
structure. If all objects of A are small with respect to the class of all split monomorphisms, such
as if A is an accessible category in the sense of Definition 4.3 later on (see also [1, Chapter 2]),
then C satisfies (Ax2) as well. This holds in particular if A= Mod-R for some ring R or, more
generally, if A is a Grothendieck category.
More generally, if A is an exact category satisfying (Ax1) and (Ax2), then the same is true
for the category C(A) of chain complexes over A, with conflations defined as the sequences of
complexes which are conflations in A in each component.
The following helpful lemma shows that exact categories satisfying (Ax1) always have arbi-
trary coproducts and these are exact:
Lemma 1.4. The following hold for any exact category C satisfying (Ax1) of Setup 1.1:
(1) The category C has arbitrary coproducts.
(2) Coproducts of conflations are conflations.
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an ordinal. Then the coproduct
∐
α<λ Aα can be constructed as the codomain of the composition
of a λ-sequence. Namely, we inductively construct [(Xα)α<λ, (iαβ)α<β<λ] such that for each
α + 1 < λ we have Xα+1 = Xα ⊕ Aα and iα,α+1 : XαXα+1 is the canonical split morphism.
Here we use (Ax1) for limit steps.
(2) Suppose (iα : Aα Bα)α∈K is a family of inflations and assume again that K = λ is an
ordinal. Let us put Xα = (∐β<α Bβ) ⊕ (∐βα Aβ) for each α  λ. Note that we have Xα+1 =
(
∐
β<α Bβ) ⊕ Bα ⊕ (
∐
βα+1 Aβ), so that we have an obvious inflation jα,α+1 : Xα  Xα+1.
It is straightforward to inductively extend this data to a λ-sequence [(Xα)α<λ, (jαβ)α<β<λ] and
to check that
∐
iα :∐α<λ Aα →∐α<λ Bα is a transfinite composition of the inflations jα,α+1,
hence itself an inflation by (Ax1). 
Finally, we set up appropriate definitions for projective and injective objects and for gen-
erators. We call an object I of an exact category C injective if any inflation i : I  Y splits.
Equivalently, Ext1C(Z, I ) = 0 for each Z ∈ C. Here, given arbitrary objects X and Y in C, we
denote by Ext1C(X,Y ) the corresponding version of the Yoneda Ext, that is, the abelian group of
equivalence classes of conflations 0 → Y → Z → X → 0. We refer to [43, §§XII.4 and 5] for
basic properties. We say that C has enough injectives provided that for every object X, there is
an inflation X I with I injective. The terms projective object and the existence of enough
projectives are defined dually.
A class G of objects of C is said to be generating or a class of generators of C if for any object
M ∈ C there is a deflation π : GM , where G is a (set-indexed) coproduct of objects from G.
An object G ∈ C is called a generator if {G} is generating.
Remark 1.5. If C is a Grothendieck category with the abelian exact structure (Example 1.2), it
must have a generator by the very definition, and it is well known that C has enough injectives.
On the other hand, there are several examples coming from algebraic geometry without enough
projectives.
Remark 1.6. Assume now C = C(A) is the category of complexes over A with the component-
wise split exact structure as in Example 1.3. Then C always has enough projectives and injectives
by [23, §I.3], but often no generating set. To be more specific, if A = Mod-R for a ring R, it
is not hard to see that the existence of a generating set G of C forces the existence of a module
X ∈ Mod-R such that Mod-R = AddX. In such a case R is necessarily a right pure-semisimple
ring (cf. [59, Proposition 2.2]). This is a very restrictive condition on R, for example R = Z does
not satisfy it.
Remark 1.7. By Proposition A.6, an exact category C satisfies (Ax1) provided it has enough
injectives, it has transfinite compositions of inflations, and it has the property that each section
has a cokernel.
1.3. Approximations and cotorsion pairs
For homological algebra, it is crucial that certain classes provide for approximations, the
classes of projective and injective modules giving the most well-known examples. Let us intro-
duce the necessary terminology here.
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F -precover if F ∈ F and any other morphism f ′ : F ′ → X with F ′ ∈ F factors through f .
Sometimes, F -precovers are also called right F -approximations or weak F -coreflections. The
class F is called precovering if each object X of C admits an F -precover f : F → X. The no-
tions of an F -preenvelope (also known as a left F -approximation or a weak F -reflection) and a
preenveloping class are defined dually.
In connection with approximations, it has proved useful to consider so called cotorsion pairs—
see for instance [7,21]. This concept, originating in a more than three decade old work of
Salce [57], generalizes in a straightforward way from module categories to an exact category C.
Given a class S of objects of C, we shall denote by S⊥1 the class of objects {Y | Ext1C(S,Y ) = 0
for all S ∈ S}. Dually, ⊥1S stands for the class {X | Ext1C(X,S) = 0 for all S ∈ S}.
We call a pair (X ,Y) of full subcategories of C a cotorsion pair provided that X⊥1 = Y and
X = ⊥1Y . If S is any class of objects, then (⊥1(S⊥1),S⊥1) is always a cotorsion pair, called the
cotorsion pair generated1by S . A cotorsion pair (X ,Y) is called complete if for every object
M ∈ C we have two conflations, usually called approximation sequences, of the form
0 → Y → X → M → 0 and 0 → M → Y ′ → X′ → 0
with X,X′ ∈X and Y,Y ′ ∈ Y . As one can readily check, the deflation XM is necessarily an
X -precover while the inflation M Y ′ is a Y-preenvelope.
We will show in the following section that there is a general construction for precovers, preen-
velopes and complete cotorsion pairs, which is important for applications.
2. Exploiting the small object argument
We start with Quillen’s famous small object argument. We state it in a form which is based
on Hovey’s presentation in [28]. Note that if C is an exact category as in Setup 1.1 and M is the
class of all inflations, then the assumptions below are satisfied for any subset I ⊆M.
Proposition 2.1 (Quillen’s small object argument). Let C be an arbitrary category and M be a
class of morphisms satisfying the following properties:
(1) Arbitrary pushouts of morphisms in M exist and belong again to M.
(2) Arbitrary coproducts of morphisms in M exist and belong again to M.
(3) Arbitrary transfinite compositions of maps in M exist and belong to M.
Suppose that I ⊆ M is a set of maps such that, for every i : A → B in I , the domain A is
small with respect to relative I-cell complexes. Then every morphism f : X → Y in C admits a
factorization f = pj , where j is a relative I-cell complex and p is I-injective.
Proof. Exactly the same argument as for [28, Theorem 2.1.14] or [27, Proposition 10.5.16] ap-
plies. 
1 In the literature this is sometimes called the cotorsion pair cogenerated by S ; then the cotorsion pair generated by S
is (⊥1 S, (⊥1 S)⊥1 ). Here, however, we use the terminology from [21].
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iary lemma first.
Lemma 2.2. Let C be as in Setup 1.1 and I be a set of inflations. The following assertions hold:
(1) The class of relative I-cell complexes is closed under taking pushouts and coproducts.
(2) If p is a deflation in I-inj, then the map Ker(p) → 0 belongs to I-inj.
Proof. (1) This is very similar to the proof of [28, Lemma 2.1.13]. Any relative I-cell complex
i : A → B is a composition of a λ-sequence [(Bα)α<λ, (iαβ)α<β<λ] such that all Bα  Bα+1
are pushouts of morphisms from I . If u0 : A → X is any morphism, we construct by transfinite
induction pushouts
Bα
uα
iα,α+1
Bα+1
uα+1
Yα
jα,α+1
Yα+1

Clearly [(Yα)α<λ, (jαβ)α<β<λ] is a λ-sequence whose composition is the pushout of i along u0.
In order to prove that the class of relative I-cell complexes is closed under coproducts,
suppose we are given such a family (iα : Aα  Bα)α<λ. Then we construct a λ-sequence
[(Xα)α<λ, (jαβ)α<β<λ] exactly as in the proof of Lemma 1.4(2). It is easy to see that each
Xα → Xα+1 is a pushout of iα : Aα → Bα along the split inclusion Aα  Xα . It follows by
the first part that
∐
iα :∐Aα →∐Bα is a transfinite composition of relative I-cell complexes,
hence
∐
iα is a relative I-cell complex itself by [28, 2.1.12].
(2) Let p : X Y be a deflation in I-inj. Then the conflation 0 → Ker(p) → X → Y → 0
gives rise to the pullback diagram:
Ker(p)
j

X
p
0 Y
We need to prove that if i : A → B is a morphism in I and f : A → Ker(p) is any morphism,
then there is a morphism g : B → Ker(p) such that gi = f . To see that, note that the fact that
p ∈ I-inj implies the existence of a morphism h : B → X such that hi = jf and ph = 0. By
the pullback property, we get a unique morphism g : B → Ker(p) such that jg = h, so that
jgi = jf . Hence gi = f since j is a monomorphism. The latter is an instance of a more general
fact, namely that I-inj is closed under taking pullbacks. 
Next, we make definitions inspired by [20], which will be very useful in our study of cotorsion
pairs in exact categories.
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Coker(I) the class of objects isomorphic to Coker(i), where i runs over elements of I . We shall
say that
(1) I is homological if the following two conditions are equivalent for any object T ∈ C:
(a) Ext1C(S,T ) = 0 for all S ∈ Coker(I);
(b) The map T → 0 belongs to I-inj (that is, the map HomC(i, T ) : HomC(B,T ) →
HomC(A,T ) is surjective, for all i : A → B in I).
(2) I is strongly homological if given any inflation j : A B whose cokernel S belongs to
Coker(I), there is a morphism i : A′ B ′ in I giving rise to a commutative diagram with
conflations in rows:
0 A′
i
B ′ S 0
0 A
j
B S 0
Remark 2.4. Note that given a set of objects S , the existence of a strongly homological set
of inflations I such that Coker(I) = S is equivalent to the following condition: For each ob-
ject S ∈ S there is a family of objects (Aj )j∈J together with an epimorphism of functors∐
j∈J HomC(Aj ,−) → Ext1C(S,−). In particular, Ext1C(S,Y ) is a set rather than a proper class
for each S ∈ S and Y ∈ C. Although having “set-sized” extension spaces is a very natural prop-
erty for an exact category, it does not come for free, see [17, Exercise 1, p. 131].
The terminology of Definition 2.3 is justified by the following simple lemma:
Lemma 2.5. Given any exact category C, a strongly homological set of inflations is always ho-
mological.
Proof. The implication (a) ⇒ (b) in Definition 2.3 is always satisfied, so we only have to prove
(b) ⇒ (a). Let I be a strongly homological set of inflations and let T be an object such that T → 0
belongs to I-inj. Let us fix S ∈ Coker(I) and let ε ∈ Ext1C(S,T ) be an extension represented by
the conflation 0 → T j→ X → S → 0. By the assumption on I , we get a commutative diagram
with conflations in rows and i ∈ I:
0 A′
f
i
B ′ S 0
ε : 0 T j X S 0
The left hand square is a pushout by [12, Proposition 2.12]. Since T → 0 is I-injective, f factors
through i and ε splits. Hence Ext1 (S,T ) = 0 for each S ∈ Coker(I). C
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Definition 2.6. An exact category C will be called efficient if it satisfies the following conditions:
(Ax1) Arbitrary transfinite compositions of inflations exist and are again inflations.
(Ax2) Every object of C is small relative to the class of all inflations.
(Ax3) For each set of objects S , there is a strongly homological set of inflations I such that
Coker(I) is the class of objects isomorphic to objects of S .
Here, (Ax1) and (Ax2) are precisely the conditions of Setup 1.1.
A crucial observation is that many natural exact categories are indeed efficient (see Exam-
ples 2.8 below).
Proposition 2.7. Let C be an exact category such that
(1) C has enough projectives, or
(2) C has a set of generators, arbitrary coproducts, and every section in C has a cokernel.
Then, for each set of objects S , there is a strongly homological set of inflations I such that
Coker(I) is the class of objects isomorphic to objects of S . In particular, if C satisfies (Ax1) and
(Ax2) of Definition 2.6, then it is an efficient exact category.
Proof. To prove the statement when C has enough projectives, we only need to fix a conflation
0 → KS iS−→ PS → S → 0,
with PS projective, for each S ∈ S . A standard argument for module categories, also valid here,
shows that Ext1C(S,T ) ∼= Coker HomC(iS, T ). Hence the set of inflations I = {iS | S ∈ S} is
strongly homological.
The proof for case (2) is inspired by [20], while a similar argument is also used in the proof
of [16, Lemma 4.3]. If there is a set of generators of C, we can, by taking their coproduct, obtain
a single generator G ∈ C. Let S ∈ S and suppose we have a conflation of the form
0 → A u−→ B q−→ S → 0.
We first claim that the canonical morphism π : G(HomC(G,B)) → B is a deflation. To see that,
fix a deflation π ′ : G(I) B , for some set I , and denote by π ′i : G → B its i-th component, for
each i ∈ I . Take now a set I ′ ⊆ I of representatives of equivalence classes for the equivalence
relation on I given by i ∼ j if π ′i = π ′j . It is obvious that (π ′i )i∈I ′ is a weakly terminal subfamily
of (π ′i )i∈I (see Definition A.3). Lemma A.5 tells us that the induced morphism π ′′ : G(I
′) → B
is also a deflation. Viewing I ′ as a subset of HomC(G,B) in the obvious way, the morphism
π : G(HomC(G,B)) → B can be expressed as
(π ′′ ρ ) : G(I ′) ⊕G(HomC(G,B)\I ′) → B,
and the claim follows by applying Lemma A.1.
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composition qπ : G(HomC(G,B)) → S is a deflation, one gets, invoking Lemma A.5 once again,
that the natural morphism ρ : G(J) → S is a deflation. That is, we have a commutative diagram
0 KS,J
iS,J
G(J )
ρ
h
S 0
0 A
u
B
q
S 0
with conflations in rows, where the morphisms h : G(J) → B is constructed so that the compo-
nent hj : G → B corresponding to j ∈ J ⊆ HomC(G,S) satisfies the equality j = qhj .
It follows from the construction that the set I = {iS,J : KS,J G(J)}, where S runs over all
elements of S and J runs over all subsets of HomC(G,S) such that ρ : G(J) → S is a deflation,
is strongly homological and, up to isomorphism, S = Coker(I). 
Examples 2.8. Using the last proposition, we get the following classes of examples of efficient
exact categories:
(1) A Grothendieck category with the abelian structure is efficient; see also Example 1.2.
(2) An accessible additive category A with arbitrary coproducts (see Definition 4.3), considered
with the split exact structure, is efficient. Similarly, the category C(A) of chain complexes
over such A with the componentwise split exact structure is efficient; see also Example 1.3.
(3) A Frobenius exact category (see Section 3) is efficient if and only if it satisfies the conditions
of Setup 1.1. Using Proposition A.6, it suffices to check for (Ax1) that all sections have
cokernels and that all transfinite compositions of inflations exist.
As for module categories [21], a crucial tool for studying classes of objects in an exact cate-
gory defined by vanishing of the Ext functor are so called filtrations. Let us give a definition:
Definition 2.9. Let C be an exact category and S be a class of objects of C. Then an ob-
ject X of C is called S-filtered if the morphism 0 → X is the composition of a λ-sequence
[(Xα)α<λ, (iαβ)α<β<λ] such that all Xα → Xα+1 are inflations with a cokernel in S . The λ-
sequence is then called an S-filtration of X, and the class of all S-filtered objects is denoted by
Filt-S .
While filtrations are in fact just transfinite extensions and in module categories the concept is
very natural, at the level of generality we are dealing with one has to be careful. For instance,
the following lemma for module categories with the abelian exact structure would be almost
obvious.
Lemma 2.10. Let C be as in Setup 1.1. Suppose we are given a conflation
ε : 0 → A j−→ B → F → 0
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phisms iα,α+1 are inflations. Then there is a λ-sequence
[
(Bα)α<λ, (mαβ)α<β<λ
]
whose composition is precisely j : A → B and such that all the morphisms mα,α+1 are inflations
and Cokermα,α+1 ∼= Coker iα,α+1 for all α < λ.
Proof. It is fairly easy to see what [(Bα)α<λ, (mαβ)α<β<λ] should be. Namely, we can construct
a well-ordered direct system of conflations
εα : 0 → A jα−→ Bα → Fα → 0
as pullbacks of the original conflation ε along the colimit morphisms iα : Fα  F . Clearly,
j0 is an isomorphism, so we can take B0 = A and j0 = 1A. This way, we get a direct system
[(Bα)α<λ, (mαβ)α<β<λ]. Using the axioms of exact categories and [12, Proposition 2.15], we
immediately see that mα,α+1 are all inflations and Cokermα,α+1 ∼= Coker iα,α+1.
The non-trivial part here is that this direct system is a λ-sequence and that j : A → B is its
composition. What we will in fact prove is that for any limit ordinal γ < λ, the colimit morphism
colimα<γ εα → εγ is an isomorphism, and so is the morphism colimα<λ εα → ε. We prove the
claim by induction on γ  λ, where we put ελ = ε by definition. To this end, first note that for
each such γ the colimit diagram
colimα<γ εα : 0 → A → colimα<γ Bα → colimα<γ Fα → 0
is a conflation since the morphism A → colimα<γ Bα is none other than the composition of
the γ -sequence [(Bα)α<γ , (mαβ)α<β<γ ]. Here we use the inductive hypothesis and the fact that
direct limits commute with cokernels. Then the morphism colimα<γ εα → εγ gives rise to a
diagram with conflations in rows:
0 A colimα<γ Bα colimα<γ Fα
∼=
0
0 A
jα
Bα Fα 0
which makes clear that colimα<γ Bα → Bγ is an isomorphism (use for example [12, Proposition
2.12]). 
As an immediate consequence, using what is called interpolation of sequences in [27, Defini-
tion 10.2.11], we have the following:
Corollary 2.11. Let C be as in Setup 1.1, S be a class of objects of C, and put F = Filt-S . Then
any F -filtered object of C belongs to F .
Proof. Let [(Xα)α<λ, (iαβ)α<β<λ] be an F -filtration of X, that is, a λ-sequence such that
X0 = 0, X = colimα<λ Xα and Coker(iα,α+1) ∈ Filt-S for all α + 1 < λ. For each α + 1 < λ, let
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us with a μα-sequence [(Bαγ )γ<μα , (mαγ δ)γ<δ<μα ] whose composition is iα,α+1 : Xα → Xα+1.
A standard argument allows us to obtain an S-filtration of X by interpolating the F -filtration by
the μα-sequences above. We refer to [27, Proposition 10.2.8] for details. 
More importantly though, we prove a result which can be interpreted as the fact that the left
hand class of a cotorsion pair (cf. Section 1.3) is closed under transfinite extensions. For module
categories, this is known as the Eklof lemma, see [21, Lemma 3.1.2].
Proposition 2.12. Let C be an exact category as in Setup 1.1. Suppose we have a λ-sequence
[(Xα)α<λ, (iαβ)α<β<λ] with composition 0 → X, and such that all the morphisms iα,α+1
are inflations. If Y ∈ C is such that Ext1C(Coker iα,α+1, Y ) = 0 for each α < λ, then also
Ext1C(X,Y ) = 0.
Proof. Denote Sα = Coker iα,α+1 for each α < λ. We need to prove that whenever
0 → A j−→ B → X → 0
is a conflation and f : A → Y is a morphism, then f factors through j . Indeed, if this is the case,
then any conflation 0 → Y → E → X → 0 splits.
Here, however, we apply Lemma 2.10 to get a λ-sequence [(Bα)α<λ, (mαβ)α<β<λ] with com-
position equal to j : A → B , and such that for all α < λ we have a conflation
0 → Bα mα,α+1−−−→ Bα+1 → Sα → 0.
Now, if we are given any morphism f : A → Y , we can inductively extend it to a morphism
fα : Bα → Y . Namely, we take f0 = f , fα always extends to fα+1 since Ext1C(Sα,Y ) = 0, and
at limit steps we just take fα = colimα<β fβ . 
Now we are ready to connect the preceding results together in the main result of the section.
Being somewhat technical due to its generality, we supplement the theorem with Corollary 2.15,
which is easier to use in our suggested applications.
Theorem 2.13. Let C be an exact category as in Setup 1.1, that is, such that transfinite compo-
sitions of inflations exist and are inflations, and such that every object of C is small relative to
the class of all inflations. Let I be a homological set of inflations, and put S = Coker(I) and
T = S⊥1 . The following assertions hold:
(1) The class I-Cells is precovering in C;
(2) I-Cells ⊆ Filt-S . If I is strongly homological, then I-Cells = Filt-S ;
(3) T = (I-Cells)⊥1 = (Filt-S)⊥1 ;
(4) The class T is a preenveloping class in C. In fact, for each object M ∈ C, there is a conflation
0 → M → T → X → 0,
with T ∈ T and X ∈ I-Cells;
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0 → T ′ → X′ → M → 0,
with T ′ ∈ T and X′ ∈ ⊥1T . In particular, (⊥1T ,T ) is a complete cotorsion pair in C;
(6) If Filt-S is a generating class of C, then ⊥1T consists precisely of direct summands of S-
filtered objects.
Proof. (1) Our version of the small object argument from Proposition 2.1 applies here. If M ∈ C
is any object, then we decompose the map 0 → M as
0 i−→ X p−→ M,
where i is a relative I-cell complex and p ∈ I-inj. Therefore, X ∈ I-Cells. We claim that p
is actually an I-Cells-precover. Indeed, if Z ∈ I-Cells then the map 0 → Z is a relative I-cell
complex. In particular, all I-injective morphisms must have the right lifting property with respect
to 0 → Z. Applying the fact to p ∈ I-inj, this precisely means that every map f : Z → M factors
through p. Thus assertion (1) holds.
(2) The inclusion I-Cells ⊆ Filt-S follows easily from Definition 2.9, since a pushout of a
morphism from I is always an inflation with cokernel isomorphic to an object from S .
On the other hand, if I is strongly homological, then any inflation A B with a cokernel
in S is a relative I-cell complex since it is a pushout of a map in I by Definition 2.3 and [12,
Proposition 2.12]. Since the class of relative I-cell complexes is closed under taking transfinite
compositions (cf. [28, Lemma 2.1.12]), the inclusion Filt-S ⊆ I-Cells follows.
(3) In view of (2), it suffices to prove that Ext1C(X,T ) = 0 for any S-filtered object X and
T ∈ T . But this immediately follows from Proposition 2.12 and the fact that Ext1C(S,T ) = 0 for
each S ∈ S .
(4) First note that since I is homological, an object T belongs to T = S⊥1 if and only if the
morphism T → 0 belongs I-inj. The proof of T being preenveloping is then entirely dual to
the proof of (1). That is, given M ∈ C, we use the small object argument to find a factorization
M
i−→ T p−→ 0 of M → 0, where i is a relative I-cell complex and p ∈ I-inj, and readily show
that T ∈ T and i is a T -preenvelope. Moreover, i is necessarily an inflation and X = Coker(i) ∈
I-Cells. The latter holds since 0 → X is a pushout of i, hence a relative I-cell complex by
Lemma 2.2.
(5) We first claim that ⊥1T is closed under taking coproducts. Indeed, if we express the
coproduct of a family (Aα)α∈K of objects of C as an S-filtration exactly as in the proof of
Lemma 1.4, it suffices to apply Proposition 2.12 to see that
∐
α∈K Aα ∈ ⊥1T . This proves the
claim.
This allows us for each object M to fix a deflation q : X′′ → M with X′′ ∈ ⊥1T . Now, we put
K = Ker(q) and apply assertion (4) to get a conflation 0 → K → T → X → 0, where T ∈ T and
X ∈ I-Cells. Following an idea of Salce from [57], we form a pushout diagram with conflations
in rows and columns:
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q
X′

X 0
M M
It follows that X′ ∈ ⊥1T since both X and X′′ have this property. The central column of the
diagram is then our desired conflation.
(6) Assume M ∈ ⊥1T and take a conflation
0 → K → X′′ q−→ M → 0
with X′′ ∈ Filt-S . This is possible since Filt-S is closed under taking coproducts (cf. Corol-
lary 2.11) and we assume that it is a generating class. Now, we apply assertion (4) to get a
conflation
0 → K → T → X → 0,
where T ∈ T and X ∈ I-Cells ⊆ Filt-S . By constructing the same pushout diagram as above, we
get a conflation
0 → T → X′ → M → 0
with T ∈ T and X′ ∈ Filt-S . Since Ext1C(M,T ) = 0 by assumption, the latter conflation splits
and M is a summand of X′ ∈ Filt-S . 
The precise relation between homological and strongly homological sets of morphisms is not
fully understood yet. Consider the following example.
Example 2.14. Let C be the category of abelian groups with the abelian exact structure and put
I = {i: ZQ} and S = {Q/Z}. Since T = Q ⊕ Q/Z is an infinitely generated tilting abelian
group in the sense of [21, Definition 5.1.1] (see also [21, Example 5.1.3]), the class S⊥1 is
precisely the class of divisible groups by [21, Corollary 5.1.10(b)]. If now Y is any abelian group
such that HomC(i, Y ) is surjective, then every element y ∈ Y of the form y = f (x), for some
morphism f : Q → Y and x = i(1). Therefore the trace of Q in Y is the whole Y and, hence,
Y is divisible. In particular, I is homological.
On the other hand, I cannot be strongly homological. One can see that by taking any free
resolution 0 → Z(ℵ0) j−→ Z(ℵ0) → Q/Z → 0 of Q/Z. Then any commutative square with i at
the top and j at the bottom has zero columns.
Nevertheless, we have I-Cells = Filt-S = Add{Q/Z}. This is because Q/Z is injective in C,
so every S-filtration necessarily splits at each step.
As promised before, we give an easier to apply corollary. Note that the conditions of C having
a generator and C having enough projectives are independent; recall Remarks 1.5 and 1.6.
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let S be a set of objects of C and put T = S⊥1 . The following hold:
(1) Filt-S is a precovering class and T is a preenveloping class.
(2) If S is a generating set of C, then (⊥1T ,T ) is a complete cotorsion pair in C and ⊥1T
consists precisely of summands of S-filtered objects.
(3) If C has enough projectives, then (⊥1T ,T ) is a complete cotorsion pair and an object M is
in ⊥1T if and only if it is a direct summand of an object E appearing in a conflation of the
form
0 → P → E → X → 0,
with P projective and X ∈ Filt-S .
Proof. By definition, there is a strongly homological set of inflations I such that (up to iso-
morphism) Coker(I) = S . Then Theorem 2.13(1) and (2) tell us that Filt-S = I-Cells is a
precovering class. T is preenveloping by Theorem 2.13(4). This proves the first part. The second
part is a direct consequence of Theorem 2.13(5) and (6).
The third part is a variant of the proof of Theorem 2.13(6). Assume M ∈ ⊥1T . We have
a conflation 0 → K → P → M → 0 with P projective. Theorem 2.13(4) yields a conflation
0 → K → T → X → 0 with T ∈ T and X ∈ Filt-S . If we form the pushout diagram
0 K T X 0
0 P E

X 0
M M
the middle column splits since Ext1C(M,T ) = 0, while the middle row gives the desired confla-
tion. 
Remark 2.16. There is a well-known result by El Bashir [15,7] providing precovering classes
under very general conditions. It says that a class F in a Grothendieck category G is precovering
if it is closed under coproducts, direct limits, and there is a subset S ⊆ F such that each X ∈ F
is a direct limit of objects of S .
It turns out that this is a consequence of our Corollary 2.15(1). Namely, one can show that
there is a set S ′ ⊆F such that F = Filt-S ′ in G considered with the exact structure formed by all
κ-pure exact sequences for a suitable regular cardinal κ . This essentially follows from the theory
for accessible categories [1, §2] (cf. also Definition 4.3) and [15, Lemma 3.1], since F as above
can be checked to be accessible using standard arguments.
Several versions of El Bashir’s result have appeared in the literature since then, to our best
knowledge the most general of them being the one obtained in [40] by Krause. We do not know
whether Krause’s result follows from our considerations, but our method has one advantage. As
in [16], we do not need our precovering classes to be closed under direct limits—an assumption
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projective quasi-coherent sheaves (see Example 4.17) is precovering.
3. Cotorsion pairs in Frobenius exact categories
All through this section, C is a Frobenius exact category, that is, it has enough projectives and
enough injectives in the sense of Section 1.2, and the injective and projective objects coincide.
We shall denote by C the stable category of C modulo the projective objects. This is a triangu-
lated category (see [23, §I.2]) with the suspension functor ?[1] = Ω−1, the Heller functor, which
assigns to each object X the “cosyzygy” object Ω−1X given by a conflation
0 → X → I → Ω−1X → 0
with I injective. Note that Ω−1X is uniquely determined (up to a unique isomorphism) in C, but
not in C. Such triangulated categories are called algebraic, see [34,39]. The group of homomor-
phisms between objects X and Y in C will be in a customary way denoted by HomC(X,Y ).
If X ⊆ C is a full subcategory, we shall denote by X the essential image of the composition
X  C p−→ C, where p is the projection functor. Since C and C have the same objects, we can
also view X as a full subcategory of C. The following lemma describes the relation between X
and X in C:
Lemma 3.1. An object Y is in X if and only if there exist X ∈ X and P,Q projective in C such
that X ⊕ P ∼= Y ⊕Q in C.
Proof. This is easy and well known. 
Our goal here is to describe the interplay between cotorsion pairs in C and the corresponding
concepts in C. To this end, we need the following general definition.
Definition 3.2. Let D be an additive category and S be a class of objects. We denote S⊥ =
{Y ∈ D | HomD(S,Y ) = 0 for all S ∈ S} and dually ⊥S = {X ∈ D | HomD(X,S) = 0 for all
S ∈ S}. Then we call a pair (X ,Y) of full subcategories a Hom-orthogonal pair if X⊥ = Y and
X = ⊥Y . Given X0 ⊆ X such that Y = X⊥0 , we say that the Hom-orthogonal pair is generated
by X0.
We see in the following proposition that Hom-orthogonal pairs in C relate in a somewhat
technical but very straightforward way to cotorsion pairs in C. Here, by ΩX we mean a kernel
of a deflation P X with P projective, and ΩF stands for a class {ΩX | X ∈F}.
Proposition 3.3. Let (F ,T ) be a pair of full subcategories of a Frobenius exact category C. The
following assertions are equivalent:
(1) (F ,T ) is a cotorsion pair in C;
(2) (ΩF ,T ) is a Hom-orthogonal pair in C.
That is, the assignment (F ,T ) (ΩF ,T ) establishes a bijective correspondence between co-
torsion pairs in C and Hom-orthogonal pairs in C. Moreover, if we put (X ,Y) = (ΩF ,T ), then
the following assertions are equivalent:
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(b) For every object M of C, there is a conflation 0 → M → T → F → 0 in C with T ∈ T and
F ∈F .
(c) For every object M of C, there is a triangle X → M → Y +−→ in C with X ∈X and Y ∈ Y .
Proof. Since C is a Frobenius exact category, we have a natural isomorphism
HomC(ΩX,Y ) ∼= Ext1C(X,Y )
for all X,Y ∈ C. The equivalence (1) ⇔ (2) follows easily. For the bijective correspondence, note
that if (F ,T ) is a cotorsion pair in C, then F =F and T = T .
Regarding the equivalence between (a), (b) and (c), the implication (a) ⇒ (b) is obvious. To
show (b) ⇒ (c), note that the conflation 0 → M → T → F → 0 gives a triangle M → T →
F
+−→, where T ∈ T = Y and F ∈ F = X [1]. Hence the desired triangle is obtained just by
shifting.
Finally for (c) ⇒ (a), we take the triangles for given M and its syzygy ΩM :
X → M → Y +−→ and X′ → ΩM → Y ′ +−→ .
By shifting the triangles correspondingly, we obtain M → Y → X[1] +−→ and Y ′ → X′[1] →
(ΩM)[1] +−→. Note that M ∼= (ΩM)[1] in C, and further we have X[1],X′[1] ∈ X [1] = F and
Y,Y ′ ∈ Y = T . Using the explicit construction of triangles in C, we obtain conflations
0 → M → Y ⊕Q → Ω−1X ⊕ P → 0,
0 → Y ′ ⊕Q′ → Ω−1X′ ⊕ P ′ → M → 0,
with P,P ′,Q,Q′ projective. Using Lemma 3.1 and the equalities F = F and T = T , we get
that the cotorsion pair (F ,T ) is complete. 
Warning 3.4. The approximation triangles from Proposition 3.3(c) are not necessarily unique up
to isomorphism in general, see Proposition 3.9 later in the section.
A direct consequence of Proposition 3.3 is the following.
Corollary 3.5. Let C be an efficient Frobenius exact category (e.g. C = C(A) as in Example 1.3).
Assume further that X0 ⊆ C is a set of objects and (X ,Y) is the Hom-orthogonal pair in C
generated by X0. Then each object M ∈ C appears in a triangle
X → M → Y +−→,
where X ∈X and Y ∈ Y . Moreover X can be chosen, as an object of C, to be X0-filtered.
Proof. Obviously, the cotorsion pair (F ,T ) in C corresponding to the Hom-orthogonal pair
(X [−1],Y[−1]) in C via Proposition 3.3 is the cotorsion pair generated by the set X0. Theo-
rem 2.13(4) gives us a conflation
0 → ΩM → T → X → 0,
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C. Here again, (ΩM)[1] ∼= M in C, X ∈F =X by Proposition 2.12, and T [1] ∈ T [1] = Y . 
3.1. Cohereditary cotorsion pairs, t-structures and localizations
Now we will build up a dictionary between the language of cotorsion pairs and well-known
concepts related to triangulated categories. Let us recall definitions from [3, §1.3] and [42, §6]
(we also refer to [24,5] and [48, Chapter 9] for more information on the notions):
Definition 3.6. Let D be a triangulated category with suspension ?[1]. A full subcategory X is
called suspended if it is closed under extensions, direct summands, and X [1] ⊆X . A pair (X ,Y)
of full subcategories is called a t-structure if
(1) (X [1],Y) is a Hom-orthogonal pair in D,
(2) X [1] ⊆X , and
(3) each M ∈D lies in a triangle of the form
X[1] → M → Y +−→,
with X ∈X and Y ∈ Y .
Note that assuming (1), condition (2) is equivalent to saying that X is suspended. A t-structure
(X ,Y) is called a Bousfield localizing pair if X is a triangulated subcategory of T , or equiva-
lently if condition (2) above is replaced by:
(2’) X =X [1].
Remark 3.7. The term Bousfield localizing pair is based on the terminology used by Nee-
man [48] and Krause [41]. Such pairs are also called semi-orthogonal decompositions in the
literature, following the terminology by Bondal and Orlov [8].
Remark 3.8. If (X ,Y) is a t-structure, then the triangle from Definition 3.6(3) is unique up to
a unique isomorphism, hence functorial. Note that the factorization of morphisms in Proposi-
tion 2.1 can be made functorial (see [28, Theorem 2.1.14]) and, thus, so can the triangle from
Corollary 3.5. However, this functoriality is not canonical, for it depends on choices made in
the construction, and has not proved to be very useful so far. What really seems to matter is the
uniqueness, which provides us naturally with adjoints to the inclusions X D and YD.
Now we establish a bijective correspondence between t-structures and certain cotorsion pairs.
For this purpose, we call a cotorsion pair (F ,T ) hereditary if ΩF ⊆ F and cohereditary if
Ω−1F ⊆F .
Proposition 3.9. Let C be a Frobenius exact category and denote by P the full subcategory of
all projective objects. Further, let (F ,T ) be a cotorsion pair in C and (X ,Y) = (ΩF ,T ) the
associated Hom-orthogonal pair in C as in Proposition 3.3. Then the following assertions are
equivalent:
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(2) (F ,T ) is a complete cohereditary cotorsion pair;
(3) For each M ∈ C, there is a triangle X → M → Y +−→ in C with X ∈X and Y ∈ Y , which is
unique up to isomorphism;
(4) The pair (X [−1],Y) is a t-structure in C.
In particular, the assignment (F ,T ) (X [−1],Y) = (Ω2F ,T ) gives a bijective correspon-
dence between complete cohereditary cotorsion pairs in C and t-structures in C. It restricts to
a bijective correspondence (F ,T ) (X [−1],Y) = (F ,T ) between complete hereditary and
cohereditary cotorsion pairs in C and Bousfield localizing pairs in C.
Proof. (1) ⇒ (2) Assume M ∈F . We have to prove that Ω−1M ∈ F for some (or equivalently
any) cosyzygy of M . Let 0 → M → T → F → 0 be a conflation with T ∈ T and F ∈ F . Then
T ∈F ∩ T =P , so F is a cosyzygy of M .
(2) ⇒ (4) From condition (2) we get that the Hom-orthogonal pair (X ,Y) in C satisfies
X [1] ⊆X and that every object M of C is the central term of a triangle
X → M → Y +−→,
with X ∈X and Y ∈ Y , see Proposition 3.3. Then (X [−1],Y) is a t-structure in C.
(4) ⇒ (3) This is a well-known basic property of t-structures, see Remark 3.8.
(3) ⇒ (1) By Proposition 3.3, we know that (F ,T ) is a complete cotorsion pair. If now
Z ∈F ∩ T and 0 → ΩZ → P → Z → 0 is a conflation with P projective, we get the following
triangle in C:
ΩZ → 0 → Z +−→ .
Note that we have ΩZ ∈ ΩF =X and Z ∈ T = Y . But there is another triangle with the middle
term equal to zero, namely the one whose all terms are zero objects. The uniqueness property
implies that Z ∼= 0 in C. Hence, Z ∈P and so S ∩ T =P .
Finally, the fact that (F ,T ) (X [−1],Y) gives a bijective correspondence between the
classes in the statement follows immediately from the facts above and the equalities F = F
and T = T for any cotorsion pair (F ,T ) in C. 
Remark 3.10. There are several results available in the literature which are formally similar to
Proposition 3.9, but they do not imply it. See for instance [5, Corollary V.3.8], [4, Theorem 7.12],
[42, Proposition 0.4], [42, Corollary 6.3] or [42, Proposition A.4].
By combining Proposition 3.9 with Corollary 3.5, one sees that each set X0 of objects of an
efficient Frobenius exact category C gives rise to a t-structure via the cohereditary cotorsion pair
generated by X0. We apply this observation in Section 4.1.
There are, however, interesting t-structures coming from cotorsion pairs which are not gener-
ated by a set. The Bousfield localizing pair (K(Flat-R),K(Flat-R)⊥) in C = K(Mod-R) studied
in [51] may serve as an example. In fact, K(Flat-R) is generated by a set if and only if R is a
right perfect ring by [59, Proposition 4.4 and Theorem 5.2]. This phenomenon will be discussed
more in detail in Section 4.2. A key tool to overcome the problem of not having a generating set
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Proposition 1.3] by Keller and Vossieck:
Proposition 3.11. Let D be a triangulated category with splitting idempotents and X ⊆D be a
precovering suspended full subcategory. Then the inclusion functor X D has a right adjoint.
In particular, (X ,Y) is a t-structure, where Y =X⊥[1].
Proof. To get the right adjoint, the proof of [51, Proposition 1.4] can be copied mutatis mutandis.
The fact that X is the left hand class of a t-structure follows in a standard way; see [35, §1]. 
We now have a useful consequence. Note that a typical case when the conditions below are
met is when C = C(G) for a Grothendieck category G, E is the class of all componentwise split
short exact sequences in C(G) and E′ is the class of all short exact sequences in C(G). We also
note that in some situations, a more direct way to compute the right adjunction to F  C has
been obtained in [11].
Corollary 3.12. Let C be an additive category on which we consider two exact structures, CE
and CE′ , given by classes of conflations E ⊆ E′. Suppose that the following two conditions hold:
(1) CE′ is an efficient exact category (see Definition 2.6),
(2) CE is a Frobenius exact category.
If S is a set of objects and F is the class of S-filtered objects in CE′ , then (F ,F⊥[1]) is a t-
structure (resp. a Bousfield localizing pair) in CE whenever Ω−1E (F) ⊆F (resp. Ω−1E (F) =F ).
Proof. We simply check the assumptions of Proposition 3.11 for D = CE and X =F . Since CE′
is efficient, the underlying category C has arbitrary coproducts by Lemma 1.4. As a consequence,
the triangulated category CE has arbitrary coproducts, and consequently splitting idempotents
by [48, I.6.8]. Since F is closed under coproducts and extensions in CE′ by Corollary 2.11 and
E ⊆ E′, it follows that F is closed under extensions and coproducts in CE. Note that F is also
closed under summands in CE, again by [48, I.6.8]. Now, the conditions Ω−1E (F) ⊆ F (resp.
Ω−1E (F) =F ) precisely say that F is a suspended (resp. triangulated) subcategory of CE. Finally,
by applying Corollary 2.15 to the exact category CE′ , we see that F is a precovering class in C,
and so is F in CE. 
3.2. Hereditary cotorsion pairs and weight structures
Cotorsion pairs are also closely related to weight structures in the sense of [10,9,53,46]. We
recall [10, Definition 1.1.1]:
Definition 3.13. A weight structure on a triangulated category D is a pair (X ,Y) of full subcat-
egories satisfying the following properties:
(1) (Y,X [1]) is a Hom-orthogonal pair,
(2) X [1] ⊆X ,
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M → X → Y +−→,
with X ∈X and Y ∈ Y .
Remark 3.14. Since the formal definition of a weight structure is (somewhat deceptively) very
similar to that of a t-structure, only interchanging the roles of X and Y , the same notion has later
appeared in [53,46] under the name co-t-structure. The definition in papers [10,9,53,46] is in fact
slightly different, but equivalent by [53, Proposition 2.1]. In particular, in any weight structure
(X ,Y) the class X is a suspended subcategory of D.
Example 3.15. Let A be an additive category and D = K(A), the homotopy category of com-
plexes over A. Denote by K0(A) and K0(A) the full subcategories of complexes supported,
up to homotopy isomorphism, only in non-positive and non-negative degrees, respectively. Then
(K0(A),K0(A)) is the prototype of a weight structure on K(A), see [10,9].
Recall that we call a cotorsion pair (F ,T ) in a Frobenius exact category hereditary if
ΩF ⊆F or, equivalently Ω−1T ⊆ T . The following is now an analogue of Proposition 3.9.
Proposition 3.16. Let C be a Frobenius exact category. Then the following are equivalent for a
pair (F ,T ) of full subcategories of C:
(1) (F ,T ) is a complete hereditary cotorsion pair in C;
(2) (T ,F) is a weight structure in C.
In particular, the assignment (F ,T ) (T ,F) gives a bijective correspondence between com-
plete hereditary cotorsion pairs in C and weight structures on C.
Proof. By Proposition 3.3, the assignment (F ,T ) (F ,Ω−1T ) gives a bijection between co-
torsion pairs in C and Hom-orthogonal pairs in C, and (F ,T ) is complete if and only if each
M ∈ C admits a triangle M → X → Y +−→ with X ∈ T and Y ∈ F . In such a case, it is easy to
check using the equality T [1] = Ω−1T , that (T ,F) is a weight structure if and only if (F ,T )
is complete and hereditary. 
4. Applications
Now we shortly describe how to apply the relations between cotorsion pairs, exact categories
and triangulated categories. This is related to recent work by several authors. For all applications,
there is a common important concept which we will need:
Definition 4.1. Let C be an exact category. We say that a full subcategory F is deconstructible if
there is a set S of objects of C such that F = Filt-S in C in the sense of Definition 2.9.
That is, a class is deconstructible if we can get all its objects from a set by forming transfinite
extensions. For deconstructible classes in Grothendieck categories, we refer to [58] for more
information. Now we can proceed to the applications.
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In this part, we give a handy tool to prove that certain algebraic triangulated categories are well
generated. As easy consequences, we recover some results by Jørgensen [32] and Neeman [50,
§5]. Let us give the main statement, which we explain, prove and apply in the following para-
graphs.
Theorem 4.2. Let C be an accessible Frobenius exact category with arbitrary coproducts. Then
(1) C is a locally well-generated triangulated category.
If, in addition, transfinite compositions of inflations exist in C, then
(2) C is efficient (i.e. satisfies the axioms of Definition 2.6).
(3) For any set S of objects of C such that S = S[1], the equality LocS = Filt-S holds. That
is, the smallest localizing subcategory of C containing S consists, up to stable isomorphism,
precisely of the S-filtered objects in C.
(4) A localizing subcategory L ⊆ C is well generated if and only if L = F for some decon-
structible subcategory F ⊆ C. In that case, (L,L⊥) is a Bousfield localizing pair in C.
Let us start with explaining the terminology. First we recall a few concepts, for whose basic
properties we refer to [44] or [1, Chapter 2]:
Definition 4.3. Let D be a category and κ be a regular cardinal. A direct limit in D is called
κ-direct if the indexing set I of the direct system is κ-directed, that is, each subset of I of
cardinality less than κ has an upper bound in I . An object M ∈D is called κ-presentable if the
functor HomD(M,−) preserves all κ-direct limits which exist in D. The category D is called
κ-accessible if
(1) D has all κ-direct limits, and
(2) there is a set D0 of κ-presentable objects of D such that each M ∈ D is a κ-direct limit of
objects from D0.
Finally, D is called accessible if it is κ-accessible for some regular cardinal κ .
The general shape of accessible categories is presented in [1, Theorem 2.26]. For our purposes,
the following observations is useful:
Lemma 4.4. Any module category Mod-R and, more generally, any Grothendieck category is
accessible.
Proof. This is well known. If C is a Grothendieck category, it is κ-accessible for any infinite
regular cardinal κ such that κ > |EndC(G)| for some generator G. 
In applications we wish to work with complexes of modules or sheaves, so it is crucial to
know that accessibility is preserved when passing to categories of complexes.
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complexes over A is accessible.
Proof. Using the obvious version of [1, Theorem 2.39] for additive categories and functors,
one sees that for any small preadditive category U , the category AU of all additive functors
F : U →A is accessible. What remains to show is that C(A) is equivalent to AU for suitable U .
We define such U explicitly and leave the details about the equivalence AU → C(A) for the
reader. The objects of U are integers and
HomU (i, j) =
{
Z for j = i or j = i + 1,
0 otherwise.
In particular, if ∂i : i → i + 1 is the generator of the free group HomU (i, i + 1), one has ∂i+1 ◦
∂i = 0 for all i ∈ Z. Clearly, an object X = (Xi, di) of C(A) is identified with the functor
X : U →A taking i → Xi and ∂i → di . 
Let us turn our attention to well-generated categories. The original definition was introduced
by Neeman [48] for triangulated categories, but as pointed out by Jirˇí Rosický, it makes a good
sense for any additive category with coproducts. The definition here differs slightly from Nee-
man’s original definition, but it is equivalent for any triangulated category by [37, Theorem A]
and [37, Lemmas 4 and 5].
Definition 4.6. Let D be an additive category with arbitrary coproducts and κ be a regular cardi-
nal. Then D is called κ-well generated by a set of objects D0 ⊆D provided that D0 satisfies the
following conditions:
(1) If M ∈D is non-zero, there is a non-zero morphism X → M for some X ∈D0.
(2) Each object X ∈ D0 is κ-small with respect to the class of all split monomorphisms in the
sense of Section 1.1.
(3) For any morphism in D of the form f : X →∐i∈I Mi with X ∈D0, there exists a family of
morphisms fi : Xi → Mi such that Xi ∈D0 for each i ∈ I and f factorizes as
X →
∐
i∈I
Xi
∐
fi−−−→
∐
i∈I
Mi.
The category D is called well generated if it is κ-well generated by a set of objects, for some
regular cardinal κ .
For algebraic triangulated categories, there is a weaker notion introduced in [59], which is
satisfied by many triangulated categories which are not well generated. Let us recall this together
with some related concepts from [48].
Definition 4.7. Let D be a triangulated category with arbitrary coproducts. A full triangulated
subcategory L⊆D is called a localizing subcategory if it is closed under forming coproducts in
D. If S is a class of objects of D, we denote the smallest localizing subcategory of D containing
S by LocS .
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Now we have all necessary terminology and can prove the theorem.
Proof of Theorem 4.2. (1) We learn from [1, Corollary 2.14] that there are arbitrary large regular
cardinals κ such that C is κ-accessible. Let us denote the class of all cardinals with this property
by K, and let Cκ be the full subcategory of C formed by all κ-presentable objects. It follows from
Definition 4.3 and [1, Proposition 1.16] that C =⋃κ∈K Cκ . Hence we have
C =
⋃
κ∈K
Cκ =
⋃
κ∈K
Lκ ,
where we put Lκ = LocCκ in C.
We claim that Lκ is κ-well generated for each κ ∈K. To this end, we can take a representative
set D0 of Cκ , which is possible by [1, Remark 2.15]. Then we prove that Lκ is κ-well generated
by D0 in the sense of Definition 4.6. Indeed, each X ∈D0 satisfies Definition 4.6(2) because it
is κ-presentable in C. To prove condition (3) of Definition 4.6, recall the well-known fact that if
we have an arbitrary family (Mi)i∈I of objects of C and express each Mi in C as a κ-direct limit
Mi = lim−→j∈Ji Xi,j of κ-presentable objects, then we have the κ-direct limit
∐
i∈I
Mi = lim−→
(ji )∈∏Ji
(∐
i∈I
Xi,ji
)
.
Since each X ∈ D0 is κ-presentable, any morphism X →∐i∈I Mi factors through ∐i∈I Xi,ji
for some (ji) ∈∏i∈I Ji , as desired. Finally, condition (1) of Definition 4.6 easily follows from
the fact that Lκ = LocCκ = LocD0, see for example [59, Lemma 3.3]. This proves the claim.
To finish the proof that C is locally well generated, we proceed as in [59, Theorem 3.5].
Namely, if S is a set of objects of C, then S ⊆ Cκ for some κ ∈ K. As shown in [41, Corollary
7.2.2], LocS is then a κ-well generated triangulated subcategory of Lκ . Hence C is locally well
generated.
(2) Since C is accessible, it has splitting idempotents by [1, Observation 2.4]. In particular,
all sections in C have cokernels. To see that C is efficient, we essentially repeat the arguments
in Example 2.8(3). (Ax1) of Definition 2.6 is satisfied by Proposition A.6(2). (Ax2) is true since
each object of C is κ-presentable for some infinite regular cardinal κ . Finally, (Ax3) follows from
Proposition 2.7(1), using the fact that C has enough projectives.
(3) Consider the cotorsion pair (X ,Y) in C generated by S . Using the assumption that
S = ΩS = Ω−1S , a standard dimension shifting argument shows that Y = ΩY and X = ΩX .
That is, the cotorsion pair is hereditary and cohereditary. Using Proposition 3.3, we see that
(ΩX ,Y) = (X ,Y) is the Hom-orthogonal pair in C generated by S (in the sense of Defini-
tion 3.2).
Now on one hand, Corollary 3.5 together with Proposition 3.9 tell us that X = X = Filt-S .
On the other hand, since C is locally well generated by (1), it follows from the general theory
for well-generated triangulated categories that (LocS,S⊥) is a Hom-orthogonal pair; see for
instance [59, Proposition 3.6] and [6, Lemma 3.3]. Since X is a localizing subcategory of C and
S ⊆ X , we have LocS ⊆ X . However, (X ,Y) is generated by S as a Hom-orthogonal pair, so
we must also have X = LocS . Hence LocS = Filt-S .
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Remark 4.8. It is very easy to see that LocS ⊆ Filt-S for a set S of objects of any efficient
Frobenius exact category. The intriguing part is the inclusion Filt-S ⊆ LocS , for which it would
be interesting to have a direct proof.
Now we give a consequence of Theorem 4.2 which is easier to apply directly and immediately
implies a result of Jørgensen and Neeman (see Example 4.11 below). If A is a category with
arbitrary coproducts, S a set of objects and κ an infinite regular cardinal, we denote by Sumκ(S)
the class of all coproducts of families of fewer than κ objects from S . An instance to keep in mind
is A= Mod-R, κ = ℵ0 and S = {R}, in which case Sumκ(S) is the class of all free R-modules
of finite rank.
Proposition 4.9. Let A be an accessible category with coproducts, B be a class of objects of
A closed under taking coproducts, κ be an infinite regular cardinal, and S ⊆ B be a set of κ-
presentable objects. Put U = C+(Sumκ(S)), the category of all bounded below complexes over
Sumκ(S). Then the following assertions are equivalent:
(1) B ⊆ Add(S),
(2) Each complex X ∈ C(B) is homotopy equivalent to a complex Y ∈ C(A) which is U -filtered
with respect to the componentwise split exact structure.
(3) K(B) = LocU .
If the assertions hold, K(B) is max(κ,ℵ1)-well generated by U , and (K(B),U⊥) is a Bousfield
localizing pair in K(A).
Proof. (2) ⇔ (3) The category C(A) is accessible by Proposition 4.5. If we consider it with
the componentwise split exact structure, it is an efficient Frobenius exact category; see Theo-
rem 4.2(2) used for C = C(A). Now, the equivalence is a consequence of Theorem 4.2(3).
(1) ⇒ (2) Note that if Sum(S) stands for the class of all coproducts of objects from S , the
inclusions K(Sum(S))K(B)K(Add(S)) are triangle equivalences by [48, I.6.8]. We may,
therefore, assume without loss of generality that B = Sum(S). Let X ∈ K(B) be a complex
X : · · · → X−1 ∂−1−→ X0 ∂0−→ X1 → ·· · → Xn ∂n−→ · · · ,
where Xn =∐i∈In Sni for some index sets In and objects Sni ∈ S . We will inductively construct
a U -filtration (Xα)α<λ of X with Xα of the form
Xα : · · · →
∐
i∈I−1,α
S−1i →
∐
i∈I0,α
S0i →
∐
i∈I1,α
S1i → ·· · ,
for suitably chosen subsets In,α ⊆ In (n ∈ Z) and such that the morphisms Xα → Xβ are the
canonical split inclusions in all components for each α < β .
By definition, we must take In,0 = ∅ for each n and In,γ = ⋃α<γ In,α for each limit or-
dinal γ . For ordinal successors, assume we have constructed Xα  X for some α. Then we
choose n ∈ Z such that In,α  In and take x ∈ In \ In,α . Having this, we put Im,α+1 = Im,α
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that ∂m−1(
∐
i∈Im−1,α+1 S
m−1
i ) ⊆
∐
i∈Im,α+1 S
m
i (with the obvious meaning) and Im,α+1 \ Im,α
is of cardinality < κ . Note that we can do that since each Sm−1i is κ-presentable in A and
Im−1,α+1 \ Im−1,α is of cardinality < κ by induction. It follows directly from the construction
that (Xα)α<λ is a U -filtration in C(A) with respect to the componentwise split exact structure.
(3) ⇒ (1) This is a consequence of (the proof of) [59, Theorem 2.5].
Finally, if the assertions (1)–(3) hold, (K(B),U⊥) = (K(B),K(B)⊥) is a Bousfield localizing
pair in K(A) by Theorem 4.2(4). To prove that K(B) is max(κ,ℵ1)-well generated, we may in
view of [1, 2.11 and 2.13(1)] assume that κ is uncountable, and as above, we may also assume
that B = Sum(S). One now proves that K(B) is κ-well generated using a “componentwise” ar-
gument. Namely, taking a representative set D0 of Sumκ(S), one readily sees from Definition 4.6
that B is κ-well generated by D0, from which it is not hard to derive that K(B) is κ-well gener-
ated by the set C+(D0). 
As an immediate corollary, we get a generalization of [59, Theorem 5.2]:
Corollary 4.10. Let A be an accessible category with arbitrary coproducts and let B be a class
of objects of A closed under taking coproducts. Then the following assertions are equivalent:
(1) K(B) is well generated.
(2) B ⊆ Add(S) for some set S ⊆ B.
Proof. (2) ⇒ (1) This follows from Proposition 4.9 by choosing κ large enough so that all
objects from S are κ-presentable in A.
(1) ⇒ (2) K(B) being well generated implies that K(B) = LocD0 for some set D0 ⊆ K(B);
see [48, Theorems 8.3.3 and 8.4.2]. In particular any object X ∈ B, viewed as a complex con-
centrated in degree zero, belongs to LocD0. Let us now take a representative set S ⊆ B for all
objects which occur in components of complexes in D0. The same argument as in the proof
of [59, Theorem 2.5] shows that X ∈ AddS . Since X ∈ B has been chosen arbitrarily, we have
proved that B ⊆ Add(S). 
Example 4.11. The following fact was obtained for certain rings in [32] and in full generality
in [50]: Let R be a ring, Proj-R the category of projective right R-modules and U the full subcat-
egory of K(Proj-R) consisting of bounded below complexes of free modules of finite rank. Then
K(Proj-R) = LocU . It is also proved in [50] that K(Proj-R) is ℵ1-well generated. Both facts are
now obtained by putting B = Proj-R, S = {R} and κ = ℵ0 in Proposition 4.9.
4.2. Triangulated adjoints without Brown representability
A typical problem for triangulated categories is to construct a left or right adjoint to a given
triangulated functor F : C → D. If C is well generated in the sense of Definition 4.6, then F
has a right adjoint if and only if it preserves coproducts, [48, 8.4.2 and 8.4.4]. This is because
of the Brown representability theorem [48, 8.3.3]. However, Neeman [50,51] and Murfet [47]
recently constructed right adjoints to inclusion functors CD where C typically was not well
generated, see [59, Theorem 5.2]. Perhaps the simplest example of this type is the embedding
K(F) K(Ab), where Ab is the category of abelian groups and F the full subcategory of all
torsion-free groups (see [59, Example 5.3] and Proposition 4.13 below). Their motivation was
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recover these results as special cases of a general phenomenon.
First, we need to introduce some notation. All through this section G will be a Grothendieck
category and we consider it as an exact category with the abelian exact structure, as in Exam-
ple 1.2. We recall the following notation from [20], a part of which we need for a later use:
Notation 4.12. Let F be a class of objects in G and put T =F⊥1 and U = ⊥1F (see Section 1.3).
(1) We denote by F˜ the class of all acyclic complexes X ∈ C(G) such that Zn(X) ∈ F for all
n ∈ Z, where the Zn(X) = Ker ∂n are the cycle objects of X.
(2) We denote by dg-F˜ the class of all complexes X ∈ C(F) such that every chain complex map
X → Y , with Y ∈ T˜ , is null-homotopic. Here T˜ follows the notation of (1) for T in place
of F .
(3) Dually, we denote by codg-F˜ the class of all complexes X ∈ C(F) such that every map
Y → X, with Y ∈ U˜ , is null-homotopic.
Now we give a general statement for construction of right adjoints to inclusions:
Proposition 4.13. Let G be a Grothendieck category, considered with the abelian exact structure,
and let F ⊆ G be a deconstructible class. Then the following hold:
(1) The inclusion K(F)K(G) has a right adjoint.
(2) The inclusion F˜K(G) has a right adjoint.
(3) If F contains a generator of G, then also dg-F˜K(G) has a right adjoint.
In particular, (K(F),K(F)⊥), (F˜ , F˜⊥) and, if F contains a generator, then also (dg-F˜ ,dg-F˜⊥)
are Bousfield localizing pairs (cf. Definition 3.6) in K(G).
Proof. Theorem 4.2 in [58] says that under the given assumptions, C(F), F˜ and dg-F˜ are de-
constructible in C(G) with the abelian exact structure. Now apply Corollary 3.12, with E and E′
the classes of componentwise split exact and all exact sequences, respectively. 
Let us illustrate Proposition 4.13 on a few examples, where it allows us to construct recolle-
ments (cf. [3, §1.4], [48, §9.3] or [52] for the concept).
Example 4.14. Let R be a ring, G = Mod-R and P = Proj-R denote the class of all projective
modules. It is well known that dg-P˜ = Loc{R} in K(G), and that dg-P˜⊥ = G˜, the class of all
acyclic complexes of R-modules. It follows from Proposition 4.13 that the inclusions dg-P˜
K(G) and G˜K(G) have right adjoints and (dg-P˜, G˜) is a Bousfield localizing pair. This means
nothing else than the fact that we have the well-known recollement
G˜ K(G) D(G)
and the composition dg-P˜K(G) Q−→ D(G) is a triangle equivalence.
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ring, P = Proj-R and F = Flat-R, the class of all flat right R-modules. Then the inclusion
K(P)K(Mod-R) has a right adjoint by Proposition 4.13 (cf. also Example 4.11), hence also
K(P)K(F) has a right adjoint. Interpreting [50, Theorem 8.6] in our terminology, we learn
that (K(P), F˜) is a Bousfield localizing pair in K(F). Using the well-known fact that flat mod-
ules form a deconstructible class in Mod-R, Proposition 4.13 yields existence of a right adjoint to
F˜K(Mod-R). In particular, F˜K(F) has a right adjoint. To summarize, we have obtained
a recollement
F˜ K(F) K(F)/F˜
such that the composition K(P)K(F) Q−→ K(F)/F˜ is a triangle equivalence.
Before discussing a generalization of this example for schemes, we give a partial answer to a
question in [47, Remark B.7] as to when the class of flat quasi-coherent sheaves is closed under
products. We prove this for Dedekind schemes, that is, for noetherian integral schemes whose
rings of regular functions on affine open subsets are Dedekind domains, [22, (7.13), p. 188].
Note that any non-singular connected curve (affine or projective, cf. [26, §I.6]) gives rise to a
Dedekind scheme, see [22, Example 15.2].
Proposition 4.16. Let X be a Dedekind scheme. Then the class F = Flat-X of flat quasi-coherent
sheaves over X is closed under taking products in Qco(X).
Proof. Let us recall a few standard facts: By [26, Exercise II.5.15(e)], Qco(X) is an ℵ0-
accessible category and the subcategory of ℵ0-presentable sheaves is precisely coh(X), the
category of coherent sheaves. Moreover, each coherent sheaf satisfies the ascending chain condi-
tion on subobjects by [26, Proposition II.5.4]. In other words, Qco(X) is what one calls a locally
noetherian Grothendieck category.
Further, for each closed point x ∈ X there is a (unique) sheaf S{x} whose stalk at x is
OX,x/mX,x and such that (S{x})y = 0 for each y ∈ X \ {x}. It is immediate that S{x} a simple
coherent sheaf supported at {x}, a so called skyscraper sheaf in x (cf. [26, Exercise II.1.17]
or [22, Exercise 2.14]). We now claim the following:
(1) M ∈ Qco(X) is flat if and only if the stalk Mx is a torsion-free OX,x -module for each closed
point x ∈ X;
(2) The class vect-X of locally free coherent sheaves is preenveloping in coh(X).
To see (1), note that M is flat if and only if all stalks at closed points are flat by [45, Theo-
rem 7.1]. Since all such stalks OX,x are discrete valuation domains, Mx is flat if and only if it is
torsion-free. For (2), note that M ∈ coh(X) is locally free if and only if Homcoh(X)(S{x},M) = 0
for all closed points x. Indeed, each S{x} is supported at a single closed point, so this is a local
question. The corresponding fact for affine Dedekind schemes follows from the isomorphisms:
HomRm(R/m,Mm) ∼=
(
HomR(R/m,M)
) = HomR(R/m,M),m
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coh(X) and denoting by tM the unique maximal S-filtered coherent subsheaf of M , where S =
{S{x} | x ∈ X closed}, we get an epimorphism pM : MM/tM , where M/tM ∈ vect-X by [45,
Theorem 7.12] and pM is a vect-X-preenvelope. In fact, pM usually splits; see [2, p. 127]. This
proves the claim.
Finally, it follows from (1) that M is flat if and only if each coherent subsheaf is flat and,
by [45, Theorem 7.12], a coherent sheaf is flat if and only if it is locally free. Therefore F is the
class of direct limits of locally free coherent sheaves. Invoking [13, Theorem 4.2], we learn that
F is closed under products in Qco(X) if and only if vect-X is preenveloping in coh(X), which
has been proved in (2). 
Example 4.17. A generalization of Example 4.15 for non-affine schemes was first studied by
Murfet [47]. Suppose we have a scheme X and denote by F = Flat-X the class of all flat
quasi-coherent sheaves. Since the class of flat modules is deconstructible over any commuta-
tive ring and deconstructibility of a class of sheaves can be tested locally by (the proof of)
[16, Theorem 3.8] (see also [58]), we infer that F is deconstructible in Qco(X). In particular,
the inclusion F˜  K(Qco(X)), and also F˜  K(F), have right adjoints by Proposition 4.13.
This provides us with a Bousfield localizing pair (F˜ , F˜⊥) in K(F). Hence, the Verdier quotient
Km(Proj-X) = K(F)/F˜ , for which Murfet coined the term ‘mock homotopy category of projec-
tives’, is well behaved. For instance it is triangle equivalent to F˜⊥, and we immediately obtain a
so-called localization sequence (cf. [47, Theorem 3.16])
F˜ K(F) Km(Proj-X)
Note, however, that we cannot expect to get a recollement here as in Example 4.15. Indeed, the
inclusion K(F)K(Qco(X)) has a left adjoint for a Dedekind scheme X by the forthcoming
Corollary 4.21, since F is deconstructible and closed under products by Proposition 4.16. If the
mentioned recollement existed, the inclusion F˜  K(Qco(X)) would also have a left adjoint,
which would in particular imply that F˜ would be closed under taking products in K(Qco(X)).
Then a product of epimorphisms between flat quasi-coherent sheaves over X would have to be
an epimorphism again. This is known to be false for X = P1
C
, see [38, Example 4.9]. One can
prove even more, see [47, Corollary A.14].
Using this general principle, we can also construct adjoints to inclusions of other remarkable
classes of sheaves. Let V = Vect-X be the class of all locally projective quasi-coherent sheaves.
Using [16, Theorem 3.8] and Proposition 4.13 as above, we get a localization sequence
V˜ K(V) K(V)/V˜
Now observe that V˜ = K(V) ∩ F˜ in K(F), since we have this equality for any affine scheme
by [50, 2.14 and 2.15] and all involved classes are defined by local properties (cf. [55]
and [14, §2]). This yields a natural triangulated functor
K(V)/V˜ → K(F)/F˜ = Km(Proj-X).
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when X is a quasi-projective variety and we have enough vector bundles (see [60, Lemma 2.1.3])?
If so, we would have a presentation of Km(Proj-X) in terms of vector bundles.
So far, we have been concerned only with right adjoints and precovers. Let us briefly discuss
the dual situation, where again we have two options. First, if we have a product preserving trian-
gulated functor F : C →D and C is compactly generated, then the existence of a left adjoint to
F follows from [48, Theorem 8.6.1] and [36, §1.2]. Second, Proposition 3.11 dualizes smoothly,
so we can, under some circumstances, construct a left adjoint using preenvelopes.
Proposition 4.18. Let E be an efficient exact category and let Y ⊆ E be a class of objects. Then
the inclusion K(Y)K(E) has a left adjoint and (⊥K(Y),K(Y)) is a Bousfield localizing pair
in K(E) provided one of the following two conditions holds:
(1) There is a set of objects S ⊆ E such that Y = S⊥1 .
(2) Y is preenveloping and closed under taking coproducts in E .
In such a case, even if Y does not have all coproducts, the homotopy category K(Y) does.
Proof. We have two exact structures on C(E), one defined by the class E of all componentwise
split short exact sequences in E , and the other defined by the class E′ of sequences of complexes
which are conflations in E in each component. We denote the corresponding exact categories by
C(E)E and C(E)E′ , respectively. Then both C(E)E and C(E)E′ are as in Setup 1.1; see Exam-
ple 1.3.
Assume first that Y = S⊥1 in E for some set S . For each X ∈ E , let Xˆ denote the complex
concentrated in degrees 0 and 1
Xˆ : · · · → 0 → 0 → X 1X−→ X → 0 → 0 → ·· · ,
and denote by Sˆ the set of complexes of the form Xˆ[n], with X ∈ S and n ∈ Z. Now fix a
strongly homological set I of inflations in E such that (up to isomorphism) Coker(I) = S , and
consider the set Iˆ of obvious chain maps iˆ[n] : Aˆ[n] → Bˆ[n], with i : A B in I and n ∈ Z. It
is routine to check that Iˆ is strongly homological in C(E)E′ and Coker(Iˆ) = Sˆ . It follows from
Theorem 2.13(4) used for C = C(E)E′ that Sˆ⊥1 is preenveloping and we claim that Sˆ⊥1 = C(Y)
in C(E)E′ . Indeed, the inclusion C(Y) ⊆ Sˆ⊥1 follows from the equalities and isomorphisms
Ext1C(E)E′
(
Xˆ[n], Y )= Ext1C(E)E
(
Xˆ[n], Y )∼= HomC(E)E
(
Xˆ[n− 1], Y )= 0,
for each X ∈ S and Y ∈ C(Y). Conversely, the inclusion C(Y) ⊇ Sˆ⊥1 is implied by the following
isomorphism for each X ∈ S and Y ∈ C(Y), see [18, Lemma 3.1(5)]:
Ext1C(E)E′
(
Xˆ[−n], Y )∼= Ext1E (X,Yn).
The claim is proved and consequently K(Y) is preenveloping in K(E). It only remains to use the
dual statement to Proposition 3.11.
Assume next that Y is preenveloping and closed under taking coproducts in E . Using Y-
preenvelopes and pushouts, one shows by the same argument as for [25, Lemma I.4.6(i)] that
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the dual of Proposition 3.11 tells us that (⊥(K+(Y)),K+(Y)) is a Bousfield localizing pair in
K+(E).
Let now X ∈ C(E) be arbitrary. Then X can be expressed in K(E) as the homotopy colimit
(see [48, §1.6] for details) of the chain σ0X σ−1X · · · σ−nX · · · of its brutal
(also known as stupid) truncations. By the previous paragraph, we have for each n 0 a triangle
τn : Fn → σ−nX → Yn +−→
in K(E) with Fn ∈ ⊥K(Y) and Yn ∈ K+(Y), and the Bousfield localizing pair gives us a unique
chain of maps of triangles τ0 → τ1 → ·· · → τn → ·· · extending the chain of truncations. By the
octahedral axiom, we get a commutative diagram with triangles in rows and columns:
∐
n0 Fn −−−−→
∐
n0 σ
−nX −−−−→ ∐n0 Yn +−−−−→
1-shift
⏐⏐ 1-shift⏐⏐ ⏐⏐
∐
n0 Fn −−−−→
∐
n0 σ
−nX −−−−→ ∐n0 Yn +−−−−→⏐⏐ ⏐⏐ ⏐⏐
F −−−−→ X −−−−→ Y +−−−−→
+
⏐⏐ +
⏐⏐ +
⏐⏐
where clearly F ∈ ⊥K(Y) and Y ∈ K(Y). Hence (⊥K(Y),K(Y)) is again a Bousfield localizing
pair in K(E).
The final assertion is standard. Namely, K(E) has coproducts by Lemma 1.4 and a left adjoint
functor takes coproducts to coproducts. 
Let us provide a few examples for the existence of a left adjoint functor.
Example 4.19. Let G be a Grothendieck category and I the class of all injective objects in G. We
will see in Theorem 4.22 that (G˜, codg-I˜) is a complete cotorsion pair in C(G) with the abelian
exact structure. In particular codg-I˜ is preenveloping in C(G) and codg-I˜  K(G) has a left
adjoint by Proposition 3.11. It is well known that in this case we have the Bousfield localizing
pair (G˜, codg-I˜) and the composition codg-I˜K(G) Q−→ D(G) is a triangle equivalence.
Example 4.20. Let G be a Grothendieck category and I the class of injective objects. Recall that
there exists a set S of objects of G such that I = S⊥1 . It follows from Proposition 4.18 that the
inclusion K(I)K(G) always has a left adjoint and that K(I) has coproducts, even when G is
not locally Noetherian.
We end the section with another application of Proposition 4.18, which can be applied for
instance to G = Mod-R and F = Flat-R for a left coherent ring R, or to G = Qco(X) and F =
Flat-X as in Proposition 4.16.
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the following assertions are equivalent:
(1) Every product of objects of F is a direct summand of an object of F .
(2) K(F) is a localizing subcategory of K(G) and the inclusion functor K(F) K(G) has a
left (and a right) adjoint.
Proof. (2) ⇒ (1) If X ∈ G and ηX : X → Y with Y ∈ K(F) is the map coming from the unit
of the adjunction, then induced morphism η0X : X → Y 0 in degree zero is an F -preenvelope in
G. Indeed, if f ′ : X → F is any morphism in G with F ∈ F , then the adjunction property gives
in K(G) a unique morphism g : Y → F such that f ′ = g ◦ ηX . It follows that f ′ = g0 ◦ η0X in
G and, hence, η0X is an F -preenvelope. Therefore, F is preenveloping in G. Now notice that an
F -preenvelope of a product of objects of F must be a section, so (1) follows.
(1) ⇒ (2) By [58, Corollary 2.7], there is a regular cardinal κ = κ(G) with the following
property: For each morphism f : X → F in G with F ∈ F and X λ-presentable for a regular
cardinal λ, there is a max(κ,λ)-presentable subobject F ′ ⊆ F such that F ′ ∈ F and Imf ⊆ F ′.
It follows that if we fix X ∈ G, there is a set S ⊆ F such that any morphism f : X → F with
F ∈F factors through an inclusion F ′ ⊆ F for some F ′ ∈ S . By our assumption there is F ′′ ∈ G
such that
∏
F∈S FHomG(X,F ) ⊕ F ′′ ∈F , and it follows that the obvious morphism
h : X →
∏
F∈S
FHomG(X,F ) ⊕ F ′′
is an F -preenvelope of X. Since F is also closed under coproducts by Corollary 2.11, Propo-
sition 4.18 implies that K(F)K(G) has a left adjoint. Moreover, K(F)K(G) has a right
adjoint by Proposition 4.13. 
4.3. Constructing model structures for Grothendieck categories
Another area where cotorsion pairs and approximations are useful, is the construction of
model category structures on abelian categories, [29,30]. The particular case of recent interest
was the construction of the derived category of the category Qco(X) of quasi-coherent sheaves
with the tensor product ⊗. The main incentive of Gillespie in his work [18–20] was to give a
clean and general framework to deal with the derived functor of ⊗. Generalizing and stream-
lining arguments from the subsequent work of Estrada, Guil, Prest and Trlifaj [16] we have the
following main statement, where we use Notation 4.12:
Theorem 4.22. Let G be a Grothendieck category and F ⊆ G be such that
(1) F is deconstructible in G with the abelian exact structure,
(2) F is closed under taking kernels of epimorphisms and summands in G, and
(3) F contains a generator of G.
If we put T =F⊥1 in G, then (dg-F˜ , T˜ ) and (F˜ , codg-T˜ ) are complete cotorsion pairs in C(G)
with the abelian exact structure. Moreover, there is a model category structure (in the sense
of [28]) on C(G) such that
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in dg-F˜ (resp. F˜ ).
• Fibrations (resp. trivial fibrations) are precisely epimorphisms whose kernels are in codg-T˜
(resp. T˜ ).
• Weak equivalences are precisely quasi-isomorphisms.
In particular, the homotopy category of C(G) is precisely the derived category D(G).
Remark 4.23. Note that Theorem 4.22 generalizes both [20, Theorem 4.12] (since any decon-
structible class is Kaplansky due to [58, Corollary 2.7]) and the first paragraph of [16, Theo-
rem 4.4]. As an illustration, for any Grothendieck category one can put F = G, which results in
the construction of D(G) using injectives. If X is a quasi-compact and separated scheme, we can
put G = Qco(X) and F = Flat-X by [47, Corollary 3.22]. Using [60, Lemma 2.1.3], the theorem
applies to G = Qco(X) and F = Vect-X if X is a quasi-projective variety.
Remark 4.24. The main motivation for seeking alternatives to injectives in the construction of
D(Qco(X)) is that we wish the resulting model structure to be compatible with the tensor product
of complexes of sheaves. For this we need cofibrant replacements to be complexes of flat sheaves.
We refer to [16] for details.
The proof will be heavily based on Gillespie’s ideas and follows the outline in [30, §7.2] with
replacements made only in a few necessary spots. One such place involves resolving Hovey’s
comment on a generalization of hereditary cotorsion pairs for Grothendieck categories, see [30,
§7.2, p. 292].
Lemma 4.25. Let G be a Grothendieck category and (F ,T ) a cotorsion pair in G such that F
contains a generator. Then the following assertions are equivalent:
(1) ExtnG(F,T ) = 0 for each F ∈F , T ∈ T and n 1.
(2) Ext2G(F,T ) = 0 for each F ∈F and T ∈ T .
(3) F is closed under taking kernels of epimorphisms.
(4) T is closed under taking cokernels of monomorphisms.
Proof. The implications (1) ⇒ (2) ⇒ (3) and (2) ⇒ (4) are easy. Let us focus on (3) ⇒ (1).
Assume that n 2 and the exact sequence
ε : 0 → T → E1 → E2 → ·· · → En → F → 0
represents an element of ExtnG(F,T ). Using the dual version of [25, Lemma I.4.6(i)], one sees
that there is a quasi-isomorphism from a complex of the form
· · · → F 0 ∂0−→ F 1 ∂1−→ F 2 ∂2−→ · · · ∂n−1−→ Fn → 0 → 0 → ·· ·
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easily obtains the commutative diagram with exact rows:
ε : 0 T E1 E2 . . . En F 0
η : 0 T Coker ∂0 F2 ∂
2
. . .
∂n−1
Fn F 0,
from which it follows that ε and η represent the same element in ExtnG(F,T ). Moreover, as-
suming (3) we can easily prove by induction that Im ∂i ∈ F for all 1  i  n − 1. Therefore,
0 → T → Coker ∂0 → Im ∂1 → 0 splits and both ε and η represent zero in the Ext group. Fi-
nally, the proof of (4) ⇒ (1), where we employ the fact that T always contains an injective
cogenerator, is dual. 
We are in a position to give a proof of Theorem 4.22 now.
Proof of Theorem 4.22. Let F ⊆ G be a class as in the statement and T =F⊥1 in G. In particu-
lar, there is a generating set S such that F = Filt-S in the sense of Definition 2.9, and T = S⊥1 by
Theorem 2.13(3). It follows from Corollary 2.15(2) that (F ,T ) is a complete cotorsion pair in G.
Invoking [18, Proposition 3.6], we readily infer that (dg-F˜ , T˜ ) and (F˜ , codg-T˜ ) are cotorsion
pairs in C(G) with the abelian exact structure. Here we use the fact that C(G) is a Grothendieck
category, and that both dg-F˜ and F˜ are generating classes of C(G). More precisely, if F ∈ F is
a generator of G, then the complexes
· · · → 0 → 0 → F 1F−→ F → 0 → 0 → ·· ·
form a set of generators of C(G) which is both in F˜ and dg-F˜ . Assuming the deconstructibil-
ity of F in G, both dg-F˜ and F˜ are deconstructible in C(G) by [58, Theorem 4.2]. Using
Theorem 2.13(3) and Corollary 2.15(2) again, it follows that (dg-F˜, T˜ ) and (F˜ , codg-T˜ ) are
complete.
Finally, the existence of the model structure follows directly from [29, Theorem 2.2], provided
we can prove the following two equalities:
dg-F˜ ∩W = F˜ and codg-T˜ ∩W = T˜ ,
where W ⊆ C(G) is the class of all acyclic complexes. With help of Lemma 4.25, which tells
us that T is closed under cokernels of monomorphisms, the equalities follow from [20, Corol-
lary 3.9]. In the argument there, one just has to keep in mind that we already know that (dg-F˜, T˜ )
is a complete cotorsion pair in C(G). 
Appendix A. More on exact categories
Throughout this appendix, let C be an exact category in the sense of [54,33]. We shall list
and prove a few statements that we have used earlier in the paper. We will prove them from the
axioms, since we work with exact categories which are typically not small, so it is not formally
correct to use the embedding theorem from [33, Appendix A] or [60, A.7.1 and A.7.16]. All the
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a simple fact:
Lemma A.1. Let p : X → Z and f : Y → Z be morphisms in C, where p is a deflation. The
induced morphism (p f ) : X ⊕ Y → Z is a deflation.
Proof. Since the pullback of p and f exists by the axioms, the result is a consequence of the
dual of [12, Proposition 2.12]. 
A more interesting problem is to determine when a converse statement holds, that is, when
(p f ) being a deflation implies that p is a deflation. To do so, we have to be careful regarding
existence of direct summands. Recall that given morphisms r : X → Y and s : Y → X such that
rs = 1Y , we call s a section and r a retraction. In the sequel, we will need the condition that
every section has a cokernel or, equivalently by [12, Lemma 7.1], every retraction has a kernel.
Note that in such a case, every section is an inflation and every retraction is a deflation by [12,
Corollary 7.5].
Lemma A.2. Suppose that every section in C has a cokernel. Let p : X → Z and u : Y → X be
any morphisms. The morphism (p pu) : X ⊕Y → Z is a deflation if and only if p is a deflation.
Proof. The “if” part follows from Lemma A.1. Conversely, suppose that (p pu) : X⊕Y  Z is
a deflation. First we reduce the problem to the case u = 0. For this, note that the endomorphism
of X ⊕ Y given by
(
1X u
0 1Y
)
: X ⊕ Y → X ⊕ Y
is an isomorphism, and (p pu) = (p 0 ) ◦ ( 1X u0 1Y
)
.
Therefore, we are left to prove that if (p 0 ) : X ⊕ Y  Z is a deflation, then so is p. Consid-
ering the conflation
0 → K
(
u
v
)
−→ X ⊕ Y (p 0 )−→ Z → 0
and the fact that the composition
Y
(0
1
)
−→ X ⊕ Y (p 0 )−→ Z
vanishes, it follows that there exists a unique morphism i : Y → K such that ( u
v
)
i = ( 01
)
. That
is, i is a section, the cokernel q : K → C of i is a retraction, and we have s : C → K such that
qs = 1C and iv + sq = 1K . A short computation gives
vsq = v(1K − iv) = v − viv = v − 1Y v = 0.
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C ⊕ Y → K is an isomorphism and if we put k = u ◦ s, we have a conflation
0 → C ⊕ Y
(
k 0
0 1
)
−−−→ X ⊕ Y (p 0 )−→ Z → 0.
By constructing a pushout of this conflation along the projection C ⊕ Y  C, we get the follow-
ing commutative diagram whose lower row is a conflation:
0 C ⊕ Y
(
k 0
0 1
)
(1 0 )
X ⊕ Y (p 0 )
(1 0 )
Z 0
0 C
k
X
p
Z 0
Hence, p is a deflation as desired. 
Before pushing this idea further, let us give a definition:
Definition A.3. Let (fi : Xi → Y)i∈I be a family of morphisms in C with the same codomain.
A subfamily (fj )j∈J indexed by a subset J ⊆ I is called weakly terminal if for every index i ∈ I ,
there exists an index j ∈ J such that fi factors through fj .
Remark A.4. The terminology comes from the fact that, if we consider S = {fi | i ∈ I } as a full
subcategory of the comma category C/Y , then the condition of Definition A.3 precisely says that
{fj | j ∈ J } is a weakly terminal set of objects of S .
Lemma A.5. Suppose that C has arbitrary coproducts and every section in C has a cokernel.
Suppose also that (fj : Xj → Y)j∈J is a weakly terminal subfamily of a family of morphisms
(fi : Xi → Y)i∈I . Then the morphism
(fi) :
∐
i∈I
Xi → Y
is a deflation if and only if the following morphism is a deflation
(fj ) :
∐
j∈J
Xj → Y.
Proof. For each subset K ⊆ I , let us put XK = ∐i∈K Xi and denote by fK : XK → Y the
morphism such that fKλi = fi for each i ∈ K , where λi : Xi → XK denotes the coproduct
inclusion.
By hypothesis, for each i ∈ I \ J there exist an index j ∈ J and a morphism vi : Xi → Xj
such that fjvi = fi . We shall denote by ui the composition
Xi
vi−→ Xj λj−→ XJ
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computation reveals the equalities
fJ uλi = fJ ui = fJ λjvi = fjvi = fi = fI\J λi
for all i ∈ I \ J , so fJ u = fI\J . Finally, we invoke Lemma A.2 which says that fI = ( fJ fJ u ) :
XJ ⊕XI\J → Y is a deflation if and only if fJ : XJ → Y is a deflation. 
We conclude with a proposition which says that coproducts and transfinite composition of
inflations are exact in C provided we have enough injectives and cokernels of sections. Compare
this to Setup 1.1 and Lemma 1.4.
Proposition A.6. Suppose that C has enough injectives and that every section in C has a cokernel.
Then the following assertions hold:
(1) A morphism f : X → Y is an inflation if and only if the map HomC(f, I ) : HomC(Y, I ) →
HomC(X, I) is an epimorphism of abelian groups for every injective object I .
(2) If [(Xα)α<λ, (iαβ)α<β<λ] is a λ-sequence of inflations having a composition X0 →
colimα<λ Xα in C, then the composition is an inflation.
(3) If (0 → Xi fi−→ Yi gi−→ Zi → 0)i∈I is a family of conflations having a coproduct, then
0 →
∐
i∈I
Xi
∐
fi−−−→
∐
i∈I
Yi
∐
gi−−−→
∐
i∈I
Zi → 0
is a conflation.
Proof. (1) The “only if” part of the statement is clear. For the converse, fix any infla-
tion j : X I , with I injective. Using the assumption that HomC(f, I ) : HomC(Y, I ) →
HomC(X, I) is surjective, choose a morphism g : Y → I such that gf = j . By the dual of
Lemma A.1, the morphism
( f
gf
) : X → Y ⊕ I is an inflation. Then the dual of Lemma A.2
tells us that f is an inflation.
(2) Suppose that [(Xα)α<λ, (iαβ : Xα → Xβ)α<β<λ] is a λ-sequence in C having a composi-
tion f : X0 → X. If I is an injective object of C, then
[(
HomC(Xα, I )
)
α<λ
,
(
HomC(iαβ, I ) : HomC(Xβ, I ) → HomC(Xα, I )
)
α<β<λ
]
is a continuous well-ordered inverse system of epimorphisms of abelian groups. Moreover, the
limit of the inverse system is HomC(X, I) and
HomC(f, I ) : HomC(X, I) → HomC(X0, I )
is the corresponding limit morphism. It is not difficult to prove that HomC(f, I ) is surjective.
Namely, given x0 ∈ HomC(X0, I ), one inductively constructs a sequence (xα)α<λ such that xα ∈
HomC(Xα, I ) and xα = xβ ◦ iαβ for each α < β < λ. The colimit property in C gives us x =
colimα<λ xα ∈ HomC(X, I) such that x0 = x ◦ f . Finally, assertion (1) implies that f : X0 → X
is an inflation.
1006 M. Saorín, J. Štˇovícˇek / Advances in Mathematics 228 (2011) 968–1007(3) One readily sees that ∐gi : ∐Yi → ∐Zi is the cokernel map of ∐fi . The proof is
whence reduced to check that
∐
fi is an inflation. But this is a direct consequence of assertion
(1) bearing in mind that HomC(−, I ) takes coproducts in C to products of abelian groups, and
products of abelian groups are exact. 
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